We consider states localized by electrostatic potentials in phosphorene using an atomistic tight binding approach. From the results of the tight-binding calculations of the confined states we extract effective masses for the conduction band electrons in the armchair and zigzag directions. The masses derived in this way are used for a simple single-band effective mass model which, as we find, reproduces very well the tight-binding energy spectrum in external magnetic field, the probability densities and the interaction effects. Both methods produce Wigner crystallization for the ground-state of the electron pair with the single-electron islands separated in the armchair direction already for small quantum dots. arXiv:2003.06677v1 [cond-mat.mes-hall] 
I. INTRODUCTION
Black phosphorus (BP) is a layered semiconductor material that attracts a growing attention for its basic properties and possible applications [1] [2] [3] [4] [5] . BP with direct band gap [6] that falls within the visible range for fewlayer systems [7] [8] [9] is investigated for optoelectronic applications [3] . Separation of few-layer material down to a monolayer (phoshorene) [10] is now routinely accomplished. The lateral confinement for optics is achieved in nanocrystals [11] [12] [13] [14] [15] [16] [17] quantum dots (QDs) that support confinement of both electrons and holes with by a mere finite size of the medium.
The growth of BP on nonmetallic substrates, its coating and gating allows for fabrication of field effect transistors [18] that recently reached a long-term air stability stage at room temperatures [19, 20] . The integer [21, 22] and fractional quantum Hall [23] effect, the latter being a fingerprint of strong correlations between interacting carriers, has already been reported [23] . The electrostatic QDs in bulk semiconductors [24] , bilayer graphene [25] or carbon nanotubes [26] with their clean confinement independent of the details of the nanocrystal edges, allow for precise studies of localized states, energy spectra, coherence times [24] electron-electron interactions [27] control of the charge [28, 29] and spin [30] degrees of freedom. Although the advanced stage of BP field effect transistors has been reached [18] [19] [20] [21] [22] [23] so far there are neither experimental nor theoretical literature on electrostatic QD confinement in BP. In this paper we study a singleand two-electrons confined in a phosphorene QD by an external potential that can be induced by electrostatic confinement.
The electrostatic confinement potential is usually parabolic near its minimum [31] . For materials with a parabolic dispersion relation the quantum harmonic oscillator is formed in this way, with the Fock-Darwin dependence on the external magnetic field for the isotropic case [27] . The anisotropy of phoshorene crystal structure [4] is translated to the in-plane anisotropy of the valence and conduction bands [1, 6, 32] , with the effective masses along the zigzag direction that are much larger than in the armchair direction [32] . The heavy masses provide stronger localization and may trigger strong interaction effects. The BP energy bands deviate from parabolic [33] [34] [35] near the conduction and valence band extrema, Due to the non-parabolicity a precise continuum description calls for k · p modelling of the low energy bands with the coupling between the conduction and valence bands [35] [36] [37] [38] . The coupling is relatively weakest for monolayer BP due to the band gap that grows with reduction of the number of layers [7, 9] . In phosphorene the Landau levels are nearly linear on the external magnetic field and the non-linear corrections turn out to be small [39, 40] . On the other hand already for bilayer phosphorene the energy spectra in external magnetic field is very complex, non-linear and corresponding to different effective masses for each level [39] . The relatively simple form of Landau levels for phosphorene [39, 40] motivated us to look for description of the confined states in a parabolic single-band effective mass modeling that we compare to the atomistic tight-binding results. Although the tightbinding spectrum deviates from the exact quantum harmonic oscillator spectrum, the single and two-electron levels calculated by the tight-binding method can be surprisingly well reproduced by the simple single-band effective mass model including the magnetic field dependence, the form of the wave functions and electron-electron interaction effects.
II. THEORY

A. single-electron Hamiltonian
We consider a monolayer BP (see Fig. 1 ) with zigzag lines extended along the x direction and the armchair lines along the y axis. We use the effective tight-binding Hamiltonian of Ref. [41] ,
where the first sum describes the hopping between the neighbor atoms, and p kl is the Peierls phase that introduces the orbital effects of the magnetic field p kl = e i e ´ r l r k A· dl to the hopping elements. We use the symmetric gauge A = (A x , A y , A z ) = (−By/2, Bx/2, 0) for the perpendicular magnetic field (0, 0, B) The hopping integrals t kl adopted from Ref. [41] and listed in Table I . The pairs of ions that correspond to the two largest values of t kl are linked in Fig. 1 by blue (t kl = −1.486 eV) and red (t kl = 3.729 eV) lines. The second sum of Eq. (1) introduces the external potential, and the last term stands for the Zeeman effect with the Landé factor g = 2, and Bohr magneton µ B . We consider states in a finite rectangular flake of phosphorene with a side length of 87 nm in the x direction and 44 nm in the y direction with over 100 thousand ions.
For the external potential we use the harmonic oscillator potential
where ω is the oscillator energy, the m x and m y are the electron effective masses in the armchair and zigzag directions, respectively. For m x = m y potential (2) is
, where x k , and y k are the coordinates of the kth ion. The actual band structure in not parabolic and the bands are flat near the conduction minimum so in the literature one finds a range of values for the effective mass. In this paper we establish m x and m y in the potential of Eq. (2) as fit parameters for the tightbinding spectrum to reproduce the harmonic oscillator spectrum at B = 0.
B. confined electron pair in the tight binding approach
We calculate the spectrum for a confined electron pair with the Hamiltonian,
where d † i is the electron creation operator for the singleelectron energy level E i and the Coulomb matrix elements read
where κ = e 2 /(4π 0 ). We consider that the phoshorene is embedded in Al 2 O 3 matrix and use its dielectric constant 0 = 9.1. We integrate the Coulomb elements for the single-electron wave functions ψ spanned by the atomic orbitals 3p z of P atoms, Table I 
For the Coulomb integral we apply the two-center approximation [45] 
is calculated with the 3p z atomic orbitals, p z (r) = N z 1 − Zr 6 exp(−Zr/3), where N is the normalization constant and Z is the effective screened P nucleus charge as seen by 3p z electrons. The single-center integral can then be calculated analytically, I a=b = 3577 46080 Z in atomic units. The Slater screening rules for 3p electrons in P atoms produce Z = 4.8, then I a=b = 10.14 eV.
The Hamiltonian (3) is diagonalized with the configuration interaction approach in the basis of up to ∼ 1000 two-electron Slater determinants constructed from the lowest-energy eigenfunctions of the single-electron Hamiltonian (1) of the conduction band.
C. single-band effective mass Hamiltonian
For description of the system in the effective mass Hamiltonian we take the single-band approximation with [41] . The value of the hopping parameter tij is given below the distance between the corresponding P ions rij.
the Hamiltonian,
To diagonalize Hamiltonian we employ the finite difference method with the gauge-invariant discretization of Ref. [46] with the Peierls phases that account for the orbital effects of the magnetic field. For the mesh spacing ∆x in both x and y directions the finite difference Hamiltonian defined by its action on the wave function
with C x = exp(−i e ∆xA x ) and C y = exp(−i e ∆xA y ).
With the eigenstates of Hamiltonian (7) obtained with the Hamiltonian given by Eq. (8) we calculated the twoelectron spectrum in the manner discussed above for the tight-binding method. The only difference is the on-site integral which is evaluated numerically
with the Monte Carlo method. With the finite difference mesh we cover the same area as in the tight-binding approach and use ∆x = 0.2 nm.
III. RESULTS
As stated at the end of Section II.A we look for the effective masses by a fit of the tight binding spectrum obtained for Hamiltonian (1) to the harmonic oscillator spectrum with potential (2) . At B = 0 the harmonic oscilator the nth excited energy level is n+1 fold degenerate (spin excluded) with the energy n ω above the ground n ω ∆ET B (meV) 10 2), mx = 0.172m0, my = 3.576m0 and ω = 10 meV in the absence of external magnetic field. In the subsequent rows we group the nearly degenerate energy levels that for the quantum harmonic oscillator should be placed exactly at the energy of n ω above the ground state with n = 1, 2, 3 and 4. state. For the fit we took ω = 10 meV and considered 15 lowest energy levels obtained with the tight-binding approach, including the ground-state. The fitness function was taken in form of sum of squares of the energy difference between energy levels obtained with the tightbinding approach and the corresponding quantum harmonic oscillator energy levels. The best fit was obtained for m x = 0.172m 0 and m y = 3.576m 0 , with the energies that fall within the range of the values indicated in the literature, e.g., m x /m 0 = 0.148 [42] , 0.16 [43] , 0.17 [32] , 0.2 [44] , and m y /m 0 = 1.12 [32] , 1.237 [42] , 1.24 [43] , 6.2 [7] or 6.89 [44] . The optimal spacings between the excited states and the ground states are given in Table II . The degeneracy of the excited energy levels can only be approximate. The largest deviations of the energy levels of the degenerate groups with n = 1, 2, 3, 4 from the harmonic oscillator spectrum energies are: 0.17 meV, 0.23 meV, 0.36 meV, and 1 meV, respectively. The dependence of the single-electron energy levels in the external magnetic field is given in Fig. 2 with the same scale applied for the vertical and horizontal axis. The lifted degeneracy of the higher energy levels at B = 0 is evident in the tight-binding model Fig. 2(a) . Nevertheless, the magnetic field dependence of the tight-binding spectrum is in a quite good agreement with the results of the effective mass approximation. The probability density calculated with the tight-binding approach for the spin-down states: the ground state, the first and the second excited states are displayed in Fig. 3(a,c) and (e), respectively. For comparison the probability densities calculated with the effective mass approximation are given in Fig. 3(b,d,f) . The probability densities for these low-energy states are elongated along the armchair (x) direction and more strongly localized in the zigzag direction (y) and are very similar for the tight binding Hamiltonian and in the single-band approximation.
The energy spectra for the electron pair are plotted in Fig. 2(b,d) . A more detailed comparison is given in Table III where the spacing from the ground state is given along with the information whether the state is spin singlet or spin triplet. The singlet-triplet order of the energy levels is very well reproduced by the effective mass approximation and the energy spacings as calculated by the continuum method agree with a precision Table III. of about 0.2 meV to the tight-binding results. In Fig.  3(g,h) we compare the results for the ground-state twoelectron density as obtained with the tight-binding [ Fig.  3(g) ] and the continuum approach [ Fig. 3(h) ]. Due to the large mass in the zigzag direction the states are localized near the y = 0 line, to a quasi-one dimensional channel that promotes the separation of single-electron charges, i.e. Wigner crystallization, along the x axis. In the first excited triplet the separation of charges is similar albeit slightly more pronounced (not shown). The results for the second excited triplet are given in Fig. 3(i,j) . In this state four local maxima of the charge density appear instead of the two single-electron islands found in the ground state. Results of both tight-binding [ Fig. 3(i) ] and effective mass approaches [ Fig. 3(j) ] are again very similar.
In order to compare the results of both methods for nonparabolic potential we introduced a perturbation to potential given by Eq. (2) introducing a repulsive Gaus- sian centered at the y axis, i.e. for potential
where V (x, y) is given by Eq. (2), V z = 30 meV and y s = R = 5 nm. Comparison of the spectra is given in Fig. 4 for the single electron Fig. 4(a,c) and for the electron pair Fig. 4(b,d) . For the single-electron we notice that the perturbation lowers the symmetry of the potential and reduces the degeneracy found for B = 0. The energy levels enter into avoided crossings that replace the crossings of the high-symmetry case of Fig. 2(a,b) .
For the electron pair we find that the perturbation enhances the separation of the charges for the electron pair which leads to a reduced triplet-singlet energy difference in the ground-state. The Wigner localization in quasi one-dimensional systems is accompanied by the singlettriplet degeneracy [47] . Overall agreement between the results is very well also for nonparabolic external potential.
IV. SUMMARY AND CONCLUSIONS
We have determined the energy spectra of single electron and electron pair in a parabolic external potential using the effective tight-binding Hamiltonian for phosphorene, including the effects of the external magnetic field and the electron-electron interaction. We determined the effective masses for which the lowest energy levels as calculated with the tight-binding approach approximately reproduce the exact quantum harmonic oscillator spectrum. The fitted masses were then used for a simple single-band effective mass model for the conduction band electrons. The model reproduces quite well the results of the tight-binding method in the external magnetic field. The Wigner crystallization of the two-electron ground-state is found at B = 0 already for a relatively large oscillator energy of 10 meV and small quantum dot size. For the two-electrons the effective mass model correctly reproduces the sequence of the singlet and triplet energy levels and the interaction effects. The present demonstration that the states confined by electrostatic potentials in phosphorene can be with a good approximation described within the simple single-band effective mass model opens perspectives for analytical and semianalytical treatment of the electrostatic quantum dots in monolayer black phosphorus.
